Heat conduction in rotating relativistic stars by Lander, S. K. & Andersson, N.
ar
X
iv
:1
80
4.
01
52
0v
2 
 [a
str
o-
ph
.H
E]
  1
1 J
ul 
20
18
MNRAS 000, 1–13 (0000) Preprint 13 July 2018 Compiled using MNRAS LATEX style file v3.0
Heat conduction in rotating relativistic stars
S. K. Lander1⋆, N. Andersson2
1Nicolaus Copernicus Astronomical Centre, Polish Academy of Sciences, Bartycka 18, 00-716 Warsaw, Poland,
2Mathematical Sciences and STAG Research Centre, University of Southampton, Southampton, SO17 1BJ, U.K.
13 July 2018
ABSTRACT
In the standard form of the relativistic heat equation used in astrophysics, informa-
tion propagates instantaneously, rather than being limited by the speed of light as
demanded by relativity. We show how this equation nonetheless follows from a more
general, causal theory of heat propagation in which the entropy plays the role of a
fluid. In deriving this result, however, we see that it is necessary to make some as-
sumptions which are not universally valid: the dynamical timescales of the process
must be long compared with the explicitly causal physics of the theory, the heat flow
must be sufficiently steady, and the spacetime static. Generalising the heat equation
(e.g. restoring causality) would thus entail retaining some of the terms we neglected.
As a first extension, we derive the heat equation for the spacetime associated with a
slowly-rotating star or black hole, showing that it only differs from the static result
by an additional advection term due to the rotation, and as a consequence demon-
strate that a hotspot on a neutron star will be seen to be modulated at the rotation
frequency by a distant observer.
Key words: accretion, accretion discs; conduction; gravitation; stars – rotation; stars
– neutron
1 INTRODUCTION
Treating heat propagation in general relativity (GR) is a necessary ingredient for the quantitative modelling of compact
objects. It becomes important during the collapse of a massive star into either a neutron star or black hole (Misner & Sharp
1964; Govender, Maharaj & Maartens 1998; Woosley, Heger & Weaver 2002; Sekiguchi 2010). It is needed to understand
neutron-star cooling from birth, through the rapid proto-neutron star phase (Burrows & Lattimer 1986) to the slower,
secular evolution of mature neutron stars (Van Riper 1991; Aguilera, Pons, Miralles 2008). It is also important in mod-
elling short-timescale cooling following outbursts from accreting neutron stars (Cumming et al. 2017), for accretion physics
around black holes (Yuan & Narayan 2014; Ressler et al. 2015), and in the very late stages of a binary neutron-star inspiral
(Shibata, Taniguchi & Uryu 2005).
The standard relativistic heat equation is acausal, predicting that information propagates instantaneously, and thus
violating a basic tenet of relativity that nothing can travel faster than light. It is now well established that causality can be
restored in a natural way, by treating entropy as a fluid whose dynamics couple to those of the medium (e.g. the various fluid
species of a neutron star) (Lopez-Monsalvo & Andersson 2011). Relativistic thermal dynamics is naturally expressed in this
multifluid framework, and can be applied in problems on short timescales where the finite-speed propagation of entropy is
important, or in situations where the spacetime is highly dynamic – like the merger of compact objects. In its full form it is,
however, likely to be too computationally complex for many practical purposes.
Here we show how the usual form of the relativistic heat equation, for a spherical spacetime, may be recovered from the
multifluid framework in a natural way. Along the way we show that it is necessary to make a few assumptions – probably safe
ones for secular processes in a neutron-star or black-hole environment, but not necessarily in every astrophysical situation.
This therefore gives a diagnostic of when the familiar relativistic heat equation is not applicable: if any of these terms is
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not negligible. Having established the non-rotating result, we generalise our approach to find the heat equation governing a
slowly-rotating star, keeping the terms of linear order in the rotation rate (which include frame-dragging). We drop second-
order rotational terms (which cause the spacetime to deviate from sphericity), but note that these have been explored in the
context of neutron-star cooling by Miralles, Van Riper & Lattimer (1993) and Negreiros, Schramm & Weber (2017).
This paper is aimed at an astrophysics audience, and so is intended to assume no specialist knowledge of the reader.
For this reason, we begin with a brief review of the theory of relativistic thermal dynamics and the foliation of spacetime
for numerical simulations, in order to make our discussion self-contained. We then derive, in turn, Fourier’s law and the heat
equation; in each case beginning with the non-rotating result and then exploring the effect of slow rotation. We conclude with
a discussion of the rotational modulation of a neutron-star hotspot seen by a distant observer.
2 RELATIVISTIC THERMAL DYNAMICS
2.1 The problem of causality in heat conduction
The heat equation is so familiar that it is easy to forget one conceptually unsatisfactory feature of it. Although this paper
is concerned with heat conduction in general relativity, let us begin in Newtonian gravity. The heat equation states that a
temperature distribution T evolves as:
∂T
∂t
= −
1
CV
∇ ·Q, (1)
where CV is the volumetric heat capacity. The heat flux Q is, in turn, given by Fourier’s law:
Q = −κ∇T, (2)
where κ is the thermal conductivity. Substituting (2) into (1), however, we see that the resulting heat equation is parabolic –
and so the characteristic propagation speed is infinite. Even in Newtonian physics, it is unreasonable to expect some physical
quantity to be transmitted instantaneously, and efforts to rectify this deficiency in the heat equation go back decades. A
natural reference point is the Cattaneo equation, in which causality is introduced – albeit in a phenomenological manner –
through a time-dependent term in Fourier’s law:
t
∂Q
∂t
+Q = −κ∇T, (3)
where t is some small positive number, which can be thought of as a relaxation timescale for the medium (Herrera & Santos
1997). Now plugging this back into equation (1), we have a hyperbolic equation, known as the telegrapher’s equation; the
problem of instantaneous propagation has been removed, but at the expense of introducing a term not clearly linked to any
underlying microphysics.
The relativistic heat equation used for neutron stars and black-hole spacetimes emerges from the same derivation as in
Newtonian gravity, but with all quantities redshifted, as they are seen by a distant observer (Misner & Sharp 1965; Thorne
1967; Van Riper 1991). The causality problem is therefore still present, but is now even more serious; it is fundamentally
unacceptable in GR for any information to propagate beyond the speed of light, let alone at infinite speed. The first successful
(and not ad-hoc) resolution to the problem was the Israel-Stewart approach (Israel & Stewart 1979), which posits an expansion
of the entropy flux through a set of terms which encode deviations from thermal equilibrium. The various independent
coefficients of this expansion need, however, to be fixed with additional constraints (either theoretical or experimental). The
theory is thus rather complex, but nonetheless pragmatically motivated: it allows one to recover a causal heat equation, a
relativistic analogue of the Cattaneo equation.
An alternative starting point is the multifluid (variational) approach of Carter – see e.g. Carter (1989), or Lopez-Monsalvo
(2011) for a fuller account of the problem and relevant references. In this, entropy is regarded mathematically as a massless1
fluid, which satisfies continuity and Euler equations like any other fluid. Furthermore, the theory naturally allows for three
kinds of interaction between different fluid species. One can have chemical reactions describing the creation or destruction
of particles – although, in the case of entropy, the second law of thermodynamics dictates that the reaction rate must be
non-negative. Secondly, dissipation is introduced through a series of scattering terms, which include scattering of the usual
fluid particles with the entropy ‘particles’ (e.g. phonons). The third, and least familiar, interaction is entrainment. This is a
non-dissipative coupling between two fluid species, which depends on the relative velocity between the two. In normal fluid
dynamics, the momentum and velocity of a fluid are parallel; in the presence of entrainment the two can be misaligned, a
phenomenon sometimes known as the Andreev-Bashkin effect (Andreev & Bashkin 1975; Alpar, Langer & Sauls 1984) in the
context of mixed Fermi liquids.
Within the multifluid framework, it is certainly permitted to allow for entrainment between the entropy fluid and other
1 more precisely, a fluid composed of particles with no rest mass
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species, but the physical reason for doing so is not initially obvious. Indeed, in the original incarnation of his multifluid
model, Carter dropped these terms for simplicity. It was quickly seen, however, that the resulting theory suffered from serious
instabilities (Olson & Hiscock 1990), casting doubt on the usefulness of the framework until Priou (1991) showed that the
theory was indeed stable once the entrainment terms were restored. In fact, the resulting model can be shown to be equivalent
to the Israel-Stewart theory up to first order in deviations from thermal equilibrium (Lopez-Monsalvo & Andersson 2011).
Despite its superficially obscure nature, entrainment between the entropy fluid and the matter fluid(s) in a system is
also the key ingredient which allows one to derive a Cattaneo-type form of Fourier’s law, and thus restore causality to heat
conduction within the multifluid approach – both in Newtonian gravity and general relativity (Lopez-Monsalvo 2011). Because
it acts over timescales much shorter than those of many relativistic astrophysics problems, it might appear to be irrelevant for
these. Let us sound two notes of caution, though. Firstly, the standard heat equation will not be adequate for modelling every
hot relativistic system – especially not those involving dynamic spacetimes or processes with short characteristic timescales.
Secondly, even when it should be valid, there is still a risk that the neglect of entrainment could lead to instabilities, as for
Carter’s original approach. For these reasons, whilst we will indeed drop entropy entrainment during the course of deriving
the heat equation, we will keep it for the first steps, to show where the explicitly causal terms lie.
2.2 The equations of entropy dynamics
Our starting point will be Andersson al. (2017), hereafter AHDC, who use a general-relativistic multifluid formalism in which
entropy becomes, mathematically, just another fluid. Thermal dynamics are then described by one scalar entropy equation,
and one vector entropy-momentum equation. We begin, as AHDC do, in geometrised units where G = c = 1 (so that all
quantities have dimensions with powers of length alone), then restore these factors afterwards. AHDC utilise the standard
‘3+1 split’, in which 4-dimensional spacetime is foliated into a nested set of 3-dimensional spacelike hypersurfaces threaded
by a set of timelike worldlines which cut through each hypersurface perpendicularly; see e.g. Thorne & MacDonald (1982). In
what follows, we will denote spacetime quantities using indices a, b (taking values from 0 to 3); and will use the indices i, j, k
(taking values from 1 to 3) to denote quantities restricted to the hypersurfaces. We will give only a minimal description of
the 3+1 split, and refer the reader to the notes of Gourgoulhon (2007) for a detailed, pedagogical description.
An observer travelling along a timelike worldline (often called an Eulerian observer) experiences proper time τ and has
a 4-velocity N (in index notation, Na) given by d/dτ . The relationship between an observer’s proper time, and the ‘global
time’ t measured by an observer at infinity, is encoded in the lapse α, defined as
α ≡
dτ
dt
(4)
along a worldline.
The notion of time variation may be expressed in terms of the 3+1 split, as the Lie derivative along the 4-vector
t = αN + β or ta = αNa + βa, (5)
using a coordinate basis for the second expression. Here β is the ‘shift vector’: a 3-vector living in a spacelike hypersurface,
so that
βaNa = 0. (6)
We may therefore denote the shift vector βi rather than βa, when it does not result in mismatched indices within the same
expression. The shift vector may be arbitrarily specified, aside from the restriction of being spatial. After this general summary
section, we will specify to stationary and axisymmetric spacetimes, i.e. spacetimes with timelike and azimuthal Killing vectors.
The arbitrariness of the shift vector discussed above is then very useful, because we may define it so that αN + β is equal to
the timelike Killing vector (the natural notion of time in this context).
Now, from the lapse and shift we can split the spacetime, writing xa = (t, xi), so that the line element reads
dl2 = gabdx
adxb = −(α2 − βiβ
i)dt2 + 2βidx
idt+ γijdx
idxj , (7)
where gab is the spacetime metric and γij the 3-metric of the spatial hypersurfaces.
Returning to derivatives, we may use the linearity of the Lie derivative to show that
∂t = Lt = LαN+β = LαN + Lβ . (8)
Since the Lie derivative of a covariant 4-vector va along some other 4-vector u
a is given by
Luva = u
bva,b + vbu
b
,a, (9)
we see that for a scalar h:
LNh =
1
α
(∂t −Lβ)h. (10)
The same is also true for a covariant 3-vector pi. To see this, first note that since Na is timelike, Naq
a = 0 for a 3-vector qi,
MNRAS 000, 1–13 (0000)
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and therefore 0 = Naq
a = gabN
bgacqc = N
bqb. Using this result and equation (9), we then find that:
LαNpi = αN
bpi,b + pj(αN
j),i = αN
bpi,b + αpjN
j
,i = αLNpi, (11)
and so
LNpi =
1
α
(∂t −Lβ)pi. (12)
In addition to the Lie derivative, we will briefly use the covariant derivative for spacetime quantities, denoting it with a
subscript semicolon; and will extensively use the covariant derivative projected into the hypersurfaces, Di (see AHDC for
more details). We recall its form, in components, when acting on co- and contra-variant 3-vectors, pi and q
i respectively:
Djpi = pi,j − Γ
k
jipk, (13)
Djq
i = qi,j + q
kΓijk, (14)
where the Christoffel symbols Γijk (associated with the projected covariant derivatives) encode the difference between covariant
and partial derivatives of a 3-vector which arises from the curvature of spacetime. In our context we only have derivatives
within a hypersurface, for which these symbols involve derivatives of the 3-metric γij only:
Γijk =
1
2
γil(γjl,k + γlk,j − γjk,l). (15)
Note that the 3-metric is diagonal in the cases we consider, i.e. γil = 0 for i 6= l.
Within the 3+1 framework, the 4-velocity uax of any fluid species x is split as follows:
uax = Wx(N
a + vˆax ), (16)
where vˆax is the spacelike 3-velocity of the fluid within a hypersurface, as seen by an Eulerian observer, and
Wx = (1− vˆ
2
x)
−1/2 (17)
is the Lorentz factor associated with the x-fluid. As mentioned earlier, thermal dynamics in the multifluid formalism is
described quite naturally by treating entropy as a massless ‘fluid’ (Prix 2004). Then, the entropy flux nas under the 3+1 split
is given by
nas = nsu
a
s = Wsns(N
a + vˆas ) = nˆs(N
a + vˆas ) = sˆ(N
a + vˆas ), (18)
where a hat over a symbol (e.g. nˆs) refers to a quantity measured by an Eulerian observer; unaccented quantities in this paper
are either universal or referred to a fluid frame. Here we have recognised that the number density nˆs of the entropy fluid –
measured by an Eulerian observer – is the entropy density sˆ. Like all fluids, the entropy has a continuity equation associated
with it:
(nas);a = Γs > 0, (19)
where Γs is the entropy production rate. The only thing which distinguishes this continuity equation from the usual form is
that the production rate must be non-negative in this case, by the second law of thermodynamics. We shall call equation (19)
the entropy equation.
The other fundamental quantity is the entropy 4-momentum:
µsa = TˆNa + S
s
a, (20)
where we have identified the time component of the 4-momentum as the temperature Tˆ , and denoted the entropy 3-momentum
by Ssa (which is spacelike; it satisfies N
aSsa = 0). Again, in analogy with ordinary fluids, the non-conservation of the entropy
4-momentum is due to chemical reactions and frictional processes (most naturally measured by an observer in the fluid frame
with some 4-velocity ua), as expressed in the momentum equation:
(Na + vas )(µ
s
a;b − µ
s
b;a) + Γsµ
s
a = ΓsT (Na + v
s
a) +
∑
m 6=s
Rsm(δba + v
b
sua)(v
m
b − v
s
b), (21)
which may be obtained by combining equations (64), (65) and (72) from AHDC with equation (16) of this paper. Note
that here, and later, we will generally refer to all fluid species other than the entropy as matter fluids (assumed to move
together), with index m. Equation (21), being an intermediate algebraic step, is not the usual guise in which the momentum
equation appears. Nonetheless, we can identify the familiar features by thinking of the spacetime coordinate with index 0
as time and coordinates 1, 2, 3 as spatial. Then, we see that equation (21) features a time-derivative of the momentum as
well as its divergence – representing the notion from Newton’s second law that the imbalance of forces on a fluid source
its net acceleration – together with various terms which describe the transfer of momentum into or out of the entropy-fluid
component by dissipation or reactions.
As discussed in section 2.1, entropy entrainment is crucial for constructing a causal theory of thermal dynamics. Although
we will not retain this effect later on, it is instructive to see where it features in these fundamental equations. In principle the
entrainment term could then be propagated through the rest of our derivation of Fourier’s law to yield an explicitly causal
MNRAS 000, 1–13 (0000)
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final heat equation. It appears in the definition of the entropy 3-momentum (see AHDC equation (96)):
Sis = Tˆ vˆ
i
s +
∑
m 6=s
Asmnˆm(vˆ
i
m − vˆ
i
s), (22)
from which it is easy to see that entrainment allows for the entropy momentum and velocity to be misaligned. The timescale on
which a coefficient Asm couples the matter and entropy dynamics should, therefore, be some analogue of the phenomenological
relaxation timescale t from the Cattaneo equation (3) (Lopez-Monsalvo 2011).
We have introduced the entropy (19) and entropy momentum (21) equations as they emerge from the multifluid framework.
A major part of the work of AHDC was to rewrite and simplify these to 3+1 forms closer to those used in numerical relativity.
We refer the reader to their paper for derivations, and here simply present the required results. Firstly, the entropy equation
may be rewritten as [AHDC equation (136)]:
∂t(γ
1/2sˆ) +Di
{
αγ1/2
[
Qi
Tˆ
+
(
vˆi −
βi
α
)
sˆ
]}
= αγ1/2Γs, (23)
where γ = gabγab is the determinant of the spatial 3-metric, vˆ
i the 3-velocity of a fluid-frame observer, and where we have
defined a more physically-motivated quantity – the heat flux – as
Qi ≡ sˆTˆ (vˆis − vˆ
i) = sˆSis − sˆTˆ vˆ
i − sˆTˆ
∑
m 6=s
Asmnˆm(v
i
m − v
i
s). (24)
This quantity – analogous to the electric current – depends on the relative flow of two fluids with respect to one another. In the
case of the heat flux the two fluid species are matter and entropy. Note that the vanishing of Qi does not imply the vanishing
of Sis, nor vice-versa: the heat flux vanishes when a fluid observer measures the entropy velocity as zero, whereas the entropy
momentum vanishes when an Eulerian observer sees zero entropy velocity. AHDC make use of a linear-drift approximation –
that the drift of the entropy fluid with respect to the matter fluid should be slow – which implies that Q2 ∼ (vˆs − vˆ)
2 ≪ Q.
This means that in expressions featuring different powers of Q, we only need to retain those terms of the lowest power. We
now turn to the expression for the entropy momentum equation given in2 AHDC equation (139), which features both Qi and
Sis explicitly. Using equation (24) then allows us to eliminate the entropy 3-momentum in favour of the heat flux and entropy
entrainment terms. If we now neglect entrainment, the result is:
∂t[γ
1/2(Qi + sˆTˆ vˆi)] +Dj
[
αγ1/2
Qj
sˆTˆ
(Qi + sˆTˆ vˆi)
]
+Dj
[
γ1/2
(
αvˆj − βj
)
(Qi + sˆTˆ vˆi)
]
+sˆDi(αγ
1/2Tˆ )−
(
Qj
Tˆ
+ sˆvˆj
)
Di
[
αγ1/2
(
Qj
sˆ
+ Tˆ vˆj
)]
= γ1/2
[
αFsi − αKsˆS
s
i + (Qj + sˆTˆ vˆj)Diβ
j
]
, (25)
where the entropy entrainment terms – were they to be restored – would feature together with every instance of the heat flux,
except for the two contravariant Qj terms on the left-hand side. In equation (25) we have introduced two new quantities. The
first is the trace of the extrinsic curvature
K = γijKij =
1
2α
γij
(
−γij,t + β
kγij,k + γkjβ
k
,i + γikβ
k
,j
)
, (26)
which is related to how a hypersurface curves within the spacetime in which it is embedded; and the second is a resistive term
Fsi which encodes the transfer of momentum away from the entropy component due to collisions with other particle species.
For clarity, let us consider only entropy-matter particle scattering, and neglect any additional resistive mechanisms (e.g. Joule
heating from magnetic-field decay). Under these assumptions, the collision term given by equation (142) of AHDC reduces to:
Fsi = −
R
WsT
[Qi +W
2vˆivˆ
jQj ] (27)
and the creation rate term given by AHDC equation (143) becomes:
Γs =
R
W 2s2T 3
[Q2 +W 2(vˆjQ
j)2], (28)
where we have defined two quantities: the Lorentz factor
W ≡ (1− vˆ2)−1/2, (29)
and the sum of the different entropy-matter scattering coefficients
R ≡
∑
m 6=s
Rms. (30)
Note that the quantities in equations (27) and (28) are related to the microphysics of the system, naturally performed in
the fluid frame, and so do not have hats. The system of equations for relativistic thermal dynamics summarised above,
2 The above equation corrects an error from AHDC. Specifically, between their equations (78) and (80) the extrinsic curvature tensor
Kij erroneously appears in place of the correct term, involving the trace K of this tensor. The incorrect term is then propagated through
their later derivations, including into their form of the entropy momentum equation (139).
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from AHDC, is appropriate for nonlinear evolutions in dynamic spacetimes using a 3+1 foliation of spacetime (even though,
by equation (25), the system has already ceased to be valid for studying processes on timescales short compared with the
medium’s thermal relaxation). However, there are many problems for which this is unduly general. In what follows, we will
explore how these equations simplify in one typical astrophysical setting.
2.3 Rotating systems and observers
Let us consider heat conduction in the spacetime associated with a central object – either a star or a black hole – rotating
uniformly at rate Ω with respect to a distant observer. Its 4-velocity is therefore
ua =
1
α
(δat + Ωδ
a
ϕ). (31)
We will assume that the object is isolated, so that the spacetime remains stationary, and that the rotation is sufficiently slow
that we may drop the second-order rotational terms which lead to deviations from spherical symmetry (e.g. the oblateness
induced by rotation, in Newtonian or relativistic stars).
From here onwards, we will begin to restore the suppressed G and c factors (i.e. the dimensions) to the expressions
from AHDC. By doing so, we will immediately be able to identify combinations of unfamiliar quantities from the multifluid
framework with familiar transport properties, using dimensional analysis. Converting from geometrised to physical units is
not especially simple, and so we establish the requisite conversions systematically, by beginning with the most fundamental
quantities. To start with, it is natural to identify the spatial coordinates for our system with globally-defined spherical polar
coordinates, (ct, r, θ, ϕ). The line element, with geometrising factors unsuppressed, is then
dl2 = −e2Φ/c
2
c2dt2 − 2
ω
c
r2 sin2 θdϕcdt+ e2Λ/c
2
dr2 + r2dθ2 + r2 sin2 θdϕ2, (32)
where Φ = Φ(r) and Λ = Λ(r) are the two metric functions, and ω is the angular velocity at which frames near the central
object are dragged with respect to an observer at infinity.
It is very useful to generalise the Newtonian notion of a corotating observer to the relativistic one of a zero-angular-
momentum observer (ZAMO) (Bardeen 1970; Bardeen, Press & Teukolsky 1972); these are the Eulerian observers for rotating
systems. A ZAMO has a local rotational velocity of zero, and the mathematical description of physical processes is at its least
complex with respect to such an observer. More specifically, one has a set of equations governing the physics of the system
(e.g. a neutron star), in terms of a globally-defined system of coordinates. The local coordinate system of a ZAMO is encoded
in a tetrad of orthonormal basis vectors; projecting the globally-defined equations onto a ZAMO’s orthonormal tetrad results
in a greatly simplified description of the physics. From this perspective we may regard ω as the variation, with respect to
global time t, of the ZAMO’s azimuthal coordinate:
ω =
dx3ˆ
dx0
=
dϕˆ
dt
. (33)
This quantity can be shown to be a function of the radial coordinate alone (Hartle 1967). It is given by the equation
1
r3
d
dr
(
r4e−(Φ+Λ)/c
2 dω¯
dr
)
+ 4
d
dr
(
e−(Φ+Λ)/c
2
)
ω¯ = 0, (34)
where
ω¯ = Ω− ω (35)
is the angular velocity of a fluid element as seen by a ZAMO. Now, comparing the two line elements (7) and (32) – which
means identifying the ZAMO 4-velocity ua with the normal Na – we see that the lapse and shift are given by:
α = eΦ/c
2
, βi = −
ω
c
δiϕ. (36)
It is now clear that the βiβ
i = β2 term in the 3+1 line element, equation (7), corresponds to second-order rotational corrections
in our problem, and therefore may be neglected. We now also know that the fluid 3-velocity, as seen by a ZAMO, is
vˆi = e−Φ/c
2
ω¯δiϕ (37)
and so all Lorentz factors reduce to unity, since(
1−
vˆ2
c2
)−1/2
=
(
1− e−2Φ/c
2 ω¯2
c2
)−1/2
= 1 +
1
2!
e−2Φ/c
2 ω¯2
c2
+ · · · ≈ 1, (38)
using our assumption of slow rotation.
A brief calculation using equation (26) shows that the extrinsic curvature Kij vanishes for a non-rotating star, but in a
rotating system has one independent non-zero component, which in physical units is (using primes to denote derivatives with
respect to r):
Krϕ = −
1
2
e−Φ/c
2
r2 sin2 θω′(r) = Kϕr (39)
MNRAS 000, 1–13 (0000)
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since Kij is symmetric (Gourgoulhon 2007). To get the trace K of this quantity, however, we must contract it with the 3-metric
γij , which is diagonal – and therefore K = 0.
2.4 Physical quantities and their dimensions
Let us pause to discuss the quantities involved in the equations for thermal dynamics and also their dimensions, which will
help in the interpretation of physical quantities later on in our derivations. We denote by M, L,T and Θ the dimensions of
mass, length, time and temperature. The physical dimensions of the two basic thermal quantities, T and s, are
[Tphys] = Θ , [sphys] = [S ]L
−3 = ML2T−2Θ−1 × L−3 = ML−1T−2Θ−1, (40)
where S is the true entropy (i.e. not per unit volume). In standard geometrised units for temperature-independent problems,
one sets G = c = 1, and all quantities have dimensions which are powers of L. It is possible to extend this to relativistic
thermal dynamics by setting G = c = kB = 1, where kB is the Boltzmann constant; e.g. one divides entropy by kB , so that
its geometrised form is dimensionless. Since no algebra from AHDC involved factors of kB anyway though, their equations
are the same in either system of geometrised units. Accordingly, we will proceed with the simpler G = c = 1 system, allowing
the dimensions of each quantity to contain powers of both L and Θ.
In a G = c = 1 unit system, T remains the same, but we must multiply s by a prefactor combination of G and c to
eliminate T and M:
sgeom =
G
c4
sphys =⇒ [sgeom] = L
−2
Θ
−1. (41)
Next, all velocities in geometrised units are of the form
vigeom =
viphys
c
(42)
and so are dimensionless. The heat flux Qi in geometrised units is therefore
Qigeom = sgeomT (v
i
s − v
i)geom =
G
c5
sphysT (v
i
s − v
i)phys (43)
and has dimensions
[Qigeom] = L
−2. (44)
If we divide through by the geometrising prefactor we get
[Qiphys] = [c]
5[G]−1[Qigeom] = MT
−3, (45)
which are indeed the expected physical units for heat flux. Next, because our physical coordinates are (ct, r, θ, ϕ), time
derivatives must contain a 1/c factor, which is suppressed in geometrised units:
(∂t)
geom =
1
c
(∂t)
phys. (46)
This means a time derivative in geometrised units has dimensions L−1. From (23) we then see that
[Γgeoms ] = [(∂ts)
geom] (47)
and so
Γgeoms =
G
c5
Γphyss . (48)
Using equation (25) we can determine that in geometrised units
[Fsi ] = [sDiαT ] = L
−2
Θ
−1 × L−1 ×Θ = L−3, (49)
and so
(Fsi )
geom =
G
c4
(Fsi )
phys. (50)
Finally, by equation (27) we have
[R] = [Fsi ][s][T ][Qi]
−1 = L−3L−2Θ−1Θ(L−2)−1 = L−3. (51)
Again restoring the suppressed geometric prefactors, we have
Rgeom =
G
c3
Rphys (52)
i.e.
[Rphys] = ML
−3
T
−1. (53)
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3 FOURIER’S LAW
The standard form of Fourier’s law, equation (2), relates the heat flux to the temperature gradient, with the thermal conductiv-
ity as the constant of proportionality. If heat conduction is different in different directions – e.g. due to the effect of a magnetic
field – one needs to replace the scalar conductivity with a tensorial one κ, so that Q = −κ ·∇T (Urpin & Yakovlev 1980). As
discussed in section 2.1, relativistic forms of Fourier’s law and the heat equation are by no means novel (e.g. Van Riper (1991);
Aguilera, Pons, Miralles (2008)), and date back to at least the 1960s (Misner & Sharp 1965; Thorne 1967). However, these
have been generalised from their Newtonian counterparts in a simple way, essentially by replacing flat-space quantities in the
derivations of these equations by redshifted ones (i.e. the locally-measured value of some quantity in a spherical spacetime
needs to be multiplied by a factor of eΦ/c
2
to yield the value seen by a distant observer). This makes it difficult to see how
causality could be restored to the heat equation, or what new terms would appear in a more complex relativistic system. Here,
by contrast, we aim to derive relativistic forms of Fourier’s law and the heat equation from the manifestly causal multifluid
formalism, in which the route to generalising the model is also clear. We will first recover the expected equation for Fourier’s
law in a non-rotating star, then will consider the problem with terms at first order in the rotation.
Firstly, let us recall from AHDC the results:
[(−g)1/2];a = (αγ
1/2);a = 0 , Di(αγ
1/2) = ∂i(αγ
1/2)− Γjjiγ
1/2 = 0. (54)
In addition
(γ1/2),t = (αγ
1/2),t = 0 (55)
by the stationarity of the spacetime we consider; recall that we are not allowing for the spacetime itself to evolve here. Given
these, we may pull these quantities out of the covariant and time derivatives, and cancel them. The entropy momentum
equation (25) in geometrised form then reduces to:
1
α
∂t(Qi+sˆTˆ vˆi)+
(
vˆj −
βj
α
)
Dj(Qi+sˆTˆ vˆi)+Dj
[Qj
sˆTˆ
(Qi+sˆTˆ vˆi)
]
+sˆDiTˆ−
(
Qj
Tˆ
+ sˆvˆj
)
Di
(
Qj
sˆ
+ Tˆ vˆj
)
= Fsi +
1
α
(Qj+sˆTˆ vˆj)Diβ
j ,
(56)
where we have used the fact that both our shift vector and the (rigidly-rotating) fluid flow are divergence-free, Djβ
j = Dj vˆ
j =
0, and that K = 0. Comparing equations (12) and (13), we see that the first two terms of the above equation (56) may be
rewritten as follows:
1
α
(∂t−β
jDj)(Qi+sˆTˆ vˆi)+vˆ
jDj(Qi+sˆTˆ vˆi) = LN (Qi+sˆTˆ vˆi)+
1
α
(Qj+sˆTˆ vˆj)β
j
,i+
1
α
βjΓkji(Qk+sˆTˆ vˆk)+vˆ
jDj(Qi+sˆTˆ vˆi). (57)
Next, we expand and rearrange the covariant derivative from the right-hand side of equation (56):
1
α
(Qj + sˆTˆ vˆj)Diβ
j =
1
α
(Qj + sˆTˆ vˆj)β
j
,i +
1
α
(Qk + sˆTˆ vˆk)β
jΓkji, (58)
where we have relabelled the indices and used the fact that the Christoffel symbols are symmetric in the lower two indices.
Inserting these last two results into the entropy momentum equation (still in geometrised form), a number of terms cancel
and we are left with:
1
sˆ
LN (Qi + sˆTˆ vˆi) +
1
sˆ
vˆjDjQi +
1
sˆ
Dj(Q
j vˆi)−
Qj
sˆTˆ
Di(vˆj Tˆ ) + vˆ
jDi
(
Qj
sˆ
)
+DiTˆ =
1
sˆ
Fsi , (59)
where we have also made use of the result Q2 ≪ Q (which follows from the linear-drift approximation; see AHDC) in order
to drop terms quadratic in the heat flux. The Lie derivative of sˆTˆ vˆi may be rewritten using a couple of results derived later
in this paper. Rather than breaking the flow here to discuss these here, we refer the reader forward to section 4. Specifically,
we use equations (71) and (85) together with the assumption of rigid, slow rotation, to find that
LN (sˆTˆ vˆi) =
(
1 +
sˆ
CV
)
Tˆ vˆi
[
Γs −Dj
(
Qj
Tˆ
)]
. (60)
We see that this term, like many others in equation (59), is proportional to vˆQ. But since vˆ ∼ vˆs (linear-drift approximation),
we know that
vˆQ ∝ vˆ(vˆ − vˆs) ∝ vˆ
2, (61)
and so for consistency with our slow-rotation approximation all of these terms should be neglected. The entropy momentum
equation in physical units then reduces to
1
c2sˆ
LNQi +DiTˆ = −
R
s2T
Qi, (62)
where we have restored the suppressed G and c factors and plugged in the explicit form of the scattering term (27).
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3.1 Non-rotating limit
We can understand equation (62) by looking at the limit in which ω → 0. This corresponds to no frame dragging, and therefore
no rotation in relativistic gravity. We find that:
1
c2αsˆ
∂tQi +DiTˆ = −
R
s2T
Qi. (63)
Comparing with the usual form of Fourier’s law (2), let us identify the following quantity as the heat conductivity κ:
κ ≡
s2T
R
. (64)
We can use dimensional analysis as a consistency check of this definition, using results from section 2.4; we find that [κ] =
MLT
−3
Θ
−1, which are indeed the expected physical units. Now, equation (63) becomes:
1
c2αsˆ
∂tQi +DiTˆ = −
1
κ
Qi. (65)
This is not quite what we want though: the usual form of Fourier’s law has no time dependence, whereas here we find
a time derivative of the heat flux. Equally though, this factor does not render equation (65) the kind of stable, causal
expression resulting from the inclusion of the entropy entrainment – despite its superficial resemblance to equation (3) (see,
e.g., Lopez-Monsalvo (2011)). This is because the prefactor of ∂tQi in equation (65) is not ‘tuneable’ and has no connection
with the medium through which heat propagates. Only in the limit of Newtonian dynamics, where Q/c ∝ vs/c→ 0, does the
time-derivative term vanish automatically.
At this point we see that in GR we can recover the standard Fourier’s law only if the heat flow is approximately steady
on a thermal timescale. More precisely, we want the timescale τQ for variations in the heat flux to satisfy:
τQ ≫
κ
c2αsˆ
, (66)
but the c2 factor means that this assumption ought to be quite safe – at least for processes on secular timescales. Finally
then, we can reach the desired result:
DiTˆ = −
1
κ
Qi. (67)
3.2 Slow rotation
Having thus identified the heat conductivity from the Newtonian limit of the entropy momentum equation, let us return to
the general case, equation (62). For the same reasons as in the non-rotating case, we again want to assume the heat flow
is steady over dynamical timescales. The natural notion of time variation in the foliation framework, however, is not with
respect to global time, ∂t, but rather a local expression given by the Lie derivative LN along the normal to the hypersurfaces:
LN =
1
α
(∂t −Lβ). (68)
We therefore neglect this term from the left-hand side of equation (62), substituting in equation (64) for κ, to find that
DiTˆ = −
1
κ
Qi, (69)
as in the non-rotating case. Thus, Fourier’s law will only differ from its form in a non-rotating star for the case of rapid
rotation.
4 THE HEAT EQUATION
We used the entropy momentum equation (25) to derive Fourier’s law, above. Now we use the corresponding scalar entropy
equation (23) to derive the heat equation. As for the derivation of Fourier’s law, we begin by taking the γ1/2 and αγ1/2 factors
out of the covariant and time derivatives and cancelling the former, leaving us with:
∂tsˆ+ αDi
(
Qi
Tˆ
)
− (αvˆi − βi)Disˆ = αΓs, (70)
where we have again used the fact that Djβ
j = Dj vˆ
j = 0. Within the 3+1 approach, it is natural to re-express equation (70)
in terms of the Lie derivative along the timelike normal N :
LN sˆ− vˆ
iDisˆ+Di
(
Qi
Tˆ
)
= Γs, (71)
where the shift vector is given by the ZAMO rotational frequency, and this is the form of the entropy equation we will use. Note,
however, that the equation takes an even simpler form when expressed in terms of a ‘material derivative’ Lu ≡ α
−1(∂t−Ωδ
i
ϕDi)
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with respect to a corotating fluid observer (rather than a ZAMO):
Lusˆ+Di
(
Qi
Tˆ
)
= Γs. (72)
Note that these various forms of the entropy equation are all the same in both physical and geometrised units; in the
geometrised case each of the terms has a factor of G/c5 suppressed, and so these may be cancelled. Now, by virtue of our
slow-rotation approximation (meaning that vˆ2 terms are negligible and W = 1), the entropy creation rate from equation (28)
may be simplified to
Γs =
R
s2T 3
Q2 =
Q2
κT 2
, (73)
which, together with the second law of thermodynamics, implies thatR > 0. Although the entropy creation rate is proportional
to Q2 and therefore small compared with Q, it cannot be neglected, since it is not manifestly smaller than other terms in the
entropy equation. The next part of the strategy will be to rewrite terms involving derivatives of the entropy, using the first
law of thermodynamics:
dU = TdS − PdV +
∑
x6=s
µxdNx, (74)
where S and U are the true entropy and internal energy (as opposed to the quantities per unit volume we use elsewhere), P
is pressure, V volume and Nx the number of x-particles. Let us assume the total number N of matter particles is conserved,
so that dN = 0; then, for a system with a single species of matter particle, the third term becomes µdN = 0. In the case of
multiple particle species, we get a similar result if we make the additional assumption of chemical equilibrium; then dNx = 0
for each species, and so the first law becomes:
dU = TdS − PdV. (75)
From equations (71) and (75) we will derive the heat equation – first for a non-rotating star, to show that we recover the
expected result, and then for the case of slow rotation.
4.1 Non-rotating limit
Taking the time derivative of the first law (75) per unit volume, we find that
∂U
∂t
∣∣∣
V
= T
∂s
∂t
∣∣∣
V
, (76)
where U is internal energy per unit volume, and we recall that s is entropy per unit volume. Now expand the left-hand side
of this expression using the chain rule:
∂U
∂t
∣∣∣
V
=
∂U
∂T
∣∣∣
V
∂T
∂t
∣∣∣
V
≡ CV
∂T
∂t
∣∣∣
V
, (77)
using the definition of CV . Note that we do not have an additional ∂U/∂s term from applying the chain rule in equation
(77), because s and T are thermodynamic conjugate pairs, and we may regard U as being a function of either variable.
Now comparing the above two equations, we can eliminate ∂tsˆ in favour of ∂tTˆ in the entropy equation (70), which for
constant-volume processes becomes:
CV ∂tTˆ + αTˆDi
(
Qi
Tˆ
)
=
Q2
κT 2
. (78)
Use of the product rule on this expression then gives:
CV ∂tTˆ + αDiQ
i − α
Qi
Tˆ
DiTˆ =
Q2
κT 2
. (79)
Rewriting the third term with Fourier’s law (67), we have
α
Qi
Tˆ
DiTˆ = α
Q2
κT
, (80)
since Tˆ = WT ≈ T , which cancels with the right-hand-side term of (79). Then, by additionally usingDi(αγ
1/2) = Di(γ
1/2) = 0
on the resulting expression, we can manipulate it as follows:
CV αγ∂tTˆ = α
2γDi(κD
iTˆ ) = Di[αγ
1/2κDi(αγ1/2Tˆ )] = γDi[ακD
i(αTˆ )], (81)
so giving us
CV ∂t(e
ΦTˆ ) = Di[e
ΦκDi(eΦTˆ )] or CV ∂t(e
ΦTˆ ) = ∇ · [eΦκ∇(eΦTˆ )], (82)
which is the usual way in which the relativistic heat equation is presented, in terms of the redshifted temperature eΦTˆ .
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4.2 Slow rotation
For rotating stars the logic used in deriving the heat equation is the same, but because the spacetime is no longer static we
again need to generalise the notion of time derivative to be the Lie derivative along the normal vector (see equation (68)).
With this concept, equation (76) from the static case generalises to:
LNU
∣∣∣
V
= TLNs
∣∣∣
V
, (83)
and the chain rule gives
LNU
∣∣∣
V
=
∂U
∂T
∣∣∣
V
LNT
∣∣∣
V
= CV LNT
∣∣∣
V
. (84)
Combining these last two equations, as for the non-rotating case, gives
LNs =
CV
T
LNT. (85)
We now return to the entropy equation (71), expanding the covariant derivatives with the product rule to show that:
LN sˆ− vˆ
iDisˆ+Di
(
Qi
Tˆ
)
=
R
s2T 2
Q2 =
1
κT
Q2. (86)
Now plugging Fourier’s law (equation (69)) and the definition of LN into equation (86), we find that:
Tˆ (LN − vˆ
iDi)sˆ+DiQ
i =
Q2
κT
+
1
Tˆ
QiDiTˆ = 0, (87)
again exploiting T ≈ Tˆ . The second half of the first term above corresponds to the entropy being advected with the rotating
fluid flow, and simplifies to:
vˆiDisˆ =
1
α
∂sˆ
∂ϕ
=
CV
αTˆ
∂Tˆ
∂ϕ
, (88)
by the same arguments which gave equations (76) and (77). Using this result and equation (85) to replace sˆ with Tˆ in equation
(87) then yields the heat equation for a rotating star,
CV
(
LN −
Ω
α
∂
∂ϕ
)
Tˆ = −DiQ
i, (89)
or, by expanding LN and using Fourier’s law,
CV
(
∂Tˆ
∂t
− ω¯
∂Tˆ
∂ϕ
)
= Di(κD
iTˆ ) or CV
(
∂Tˆ
∂t
− ω¯
∂Tˆ
∂ϕ
)
= ∇ · (κ∇Tˆ ). (90)
Note that in the limit of zero diffusion (κ = 0), the equation above describes a temperature distribution depending on the
quantity (ϕ+ ω¯t), as expected: the temperature moves forwards with angular velocity ω¯ = Ω− ω with respect to a ZAMO.
We have shown that one recovers the expected heat equation if only the lowest-order rotational corrections are kept.
Next, we briefly make contact with astrophysics, by considering one particular physical situation with direct relevance for
neutron-star observations.
5 ROTATIONAL MODULATION OF A NEUTRON-STAR HOTSPOT
There are a number of observations of hotspots on neutron stars which show modulation in time. In some cases the frequency
at which they are modulated is the only way to determine their rotation frequency (Strohmayer, Zhang & Swank 1997).
Some neutron stars accreting in low-mass X-ray binary systems produce X-ray bursts due to thermonuclear burning in the
neutron-star ocean, and in some cases the bursts display almost coherent oscillations – typically in the range ∼ 300− 600 Hz
(Watts 2012). These oscillations are believed to be related either to modes of the neutron-star ocean (Heyl 2004), or to an
essentially confined hotspot (Cumming & Bildsten 2000) – though there are challenges with either model in explaining the
small frequency drifts of ∼ 1 Hz seen in the burst oscillations. In either case, the characteristic frequency is believed to be
due to rotational modulation, which implicitly assumes that an observer at infinity really sees a hotspot on the stellar surface
moving at the rotation rate. Let us close by considering how reasonable this is for rapidly-rotating neutron stars.
We have seen that for slow rotation – retaining only terms linear in the rotational frequency – the heat equation takes
the form of equation (90). The frame-dragging term on the left-hand side of this equation tells us that a hotspot fixed on
the surface of a neutron star will be rotationally-modulated for a ZAMO at a frequency of Ω− ω. However, the ZAMO itself
moves at +ω with respect to an observer at infinity – so, for this latter observer the hotspot is indeed rotationally modulated
at the expected frequency of Ω. We have not studied more rapidly rotating stars here, for which terms at order Ω2 should
be retained, but there is no reason for the modulation of a hotspot to be affected by the oblate shape induced by order-Ω2
terms. The other class of higher-order terms is those proportional to QΩ, neglected by us just before equation (62). Since they
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describe a coupling of the stellar rotation with the heat flux, it is indeed possible that these terms would alter a hotspot’s
motion on a rapidly-rotating star.
In conclusion, within the slow-rotation approximation a hotspot is indeed seen modulated at exactly the stellar rotation
rate. Even the most rapidly-rotating neutron stars known are still rather ‘slow’, in the sense that their rotational kinetic
energy is small compared with the gravitational binding energy, so our heat equation is probably adequate for describing all
known neutron stars (with the caveat that we had to make various physical assumptions to derive it). There remains the
possibility, however, that higher-order couplings will produce a hotspot rotating at a slightly different rate from the star.
6 SUMMARY
We have shown how the standard form of the relativistic heat equation follows from a causal theory of heat propagation, in
which the entropy is treated as a fluid. At first order in rotation, the only correction is the expected one that the temperature
is advected with the fluid flow. We have not studied the second-order problem, but speculate that it may result in coupling
between the heat flow and the rotation.
One benefit in having performed our detailed derivation is that it demonstrates how the heat equation relies implicitly on
various assumptions which will not be safe in all astrophysical situations. The dynamical timescale for the problem at hand
must be long compared to the thermal relaxation time of the medium, or equivalently the timescale on which entrainment
couples the entropy and matter fluids. Equally, the heat flux must be approximately steady over short timescales. Even in
situations where these conditions are met, we should be mindful that a thermal evolution relying on the standard heat equation
could still suffer genuine instabilities connected with the neglect of entropy entrainment.
It is not so surprising that the usual form of the heat equation may be recovered in the limiting case described above, where
thermal information propagates almost ‘instantaneously’ – compared with any fluid dynamics – and where the spacetime is
stationary. For more dynamical situations, however, the equations presented here are not applicable – and a future goal for
the numerical simulations of hot relativistic systems should be to evolve the entropy dynamics directly.
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